Coriolis terms proportional to cos are omitted in the conventional theory of inertial motions, which predicts horizontal oscillations of frequency f for f -plane geometries in the absence of horizontal and vertical pressure gradients. If this approximation is removed, an oscillation is found within the framework of linear theory that comes rather close to the conventional inertial mode. Motions are quasi-horizontal and the frequency is almost equal to f. However, oscillations vanish at the ground in contrast to the standard theory. Gravity, compressibility, and, in particular, pressure gradient forces are important to this oscillation in addition to Coriolis forces.
Introduction
According to the World Meteorological Organization (WMO 1992; see also Huschke 1959 ) ''true inertial flow'' is defined as ''flow in the absence of external forces,'' while ''inertial flow'' is frictionless flow on geopotential surfaces in the absence of horizontal pressure gradients. Thus steady motion along straight lines is characteristic of true inertial flow in an absolute, fixed frame of reference while inertial flow is more complicated even in a fixed frame of reference (see, e.g., Durran 1993) . True inertial flow is not subject to any kind of forces. It is, however, an open question which forces keep the inertial flow on a geopotential surface. Durran (1993) points out that the conventional theory of inertial oscillations is somewhat misleading in that it suggests that the Coriolis force is exclusively responsible for inertial oscillations. According to this theory, circular horizontal motion on an f plane results immediately from the equations of inviscid horizontal motion if pressure gradients are assumed to vanish. The related equations are
(1) dt with zonal (meridional) velocity u() in the rotating frame. The Coriolis parameter
is assumed constant in this f -plane configuration. The solution is, of course, u, ϳ exp(Ϯift), while the vertical velocity w vanishes. There is no pressure field related to the inertial oscillation. The frequency of this oscillation depends only on the geometrical parameters ⍀ and , where ⍀ ϭ 2 day Ϫ1 is the earth's rotation rate and is latitude. The oscillation is restricted to geopotential surfaces and is, therefore, inertial in the sense of WMO (1992) . Note, however, that (1) does not provide a vertical structure. Any vertical profile of u, say, is acceptable.
According to (1), it is only inertial forces that act to drive the inertial oscillation. However, Durran (1993) argues that the ''component of true gravity parallel to the geopotential surfaces plays a central role in forcing the inertial oscillation.'' Moreover, Holton (1992) states in his textbook that the force of gravity, ''acting orthogonal to the plane of motion, keeps the oscillation on a horizontal surface'' (Holton 1992, p. 65) . Thus both components of gravity appear to be important in maintaining the inertial oscillation but (1) and (2) do not reflect this impact. To resolve this ''paradox'' the main approximations inherent in (1) must be discussed. First, the representation of Coriolis forces is incomplete in (1). It is at least doubtful if a discussion of inertial motions can be based on an approximate form of the Coriolis terms. Second, the centrifugal terms are discarded in (1). This point has been addressed by Durran (1993) but will be taken up again here. Third, there is no pressure gradient force in (1). It is at least surprising that a mode of oscillation should exist in a fluid without a related pressure field. In short, the aim is to clarify the role of Coriolis forces, gravity, and pressure in maintaining the inertial oscillation.
The relative system (index r) rotates with angular velocity ⍀ and its z r axis is tilted with respect to the z f axis of the fixed nonrotating frame of reference (subscript f ).
Coordinate system
It is convenient to choose a rotating coordinate system as an appropriate frame for a discussion of inertial motion. The absolute, fixed frame (subscript f ) can be chosen such that its z f axis coincides with the earth's axis of rotation (Fig. 1) . The relative frame of reference (subscipt r) is rotating and its z r axis is tilted by an angle /2 Ϫ with respect to the z f axis. Note that no approximation has been made when introducing the rotating system. However, this is also the coordinate system characteristic of an f plane located at latitude . The surface of the earth is represented in that case by the plane z r ϭ 0. Of course, it is an approximation to replace the spherical earth by the plane z r ϭ 0.
Gravity is the only external force acting in this system. It points downward and is parallel to the z r axis. As is well known this gravity vector is not completely external. Instead, it represents the sum of the true gravity vector and the centrifugal force. This situation is mimicked in f -plane models by discarding the centrifugal terms in the equations of motion under the assumption that gravity g is parallel to the z r axis (see also Durran 1993) . The gravity vector g does not vary in space in such models. However, it varies in time in the fixed frame.
Centrifugal forces
Let us first consider a situation without gravity. In that case motions are truly inertial in the fixed frame. To keep things as simple as possible the atmosphere is assumed to rest in the fixed frame. The velocity v f vanishes in that case, as does the acceleration, of course.
The relative velocity of truly inertial motion changes according to
Note that the Coriolis accelerations are represented in complete form in (3). In what follows, the subscript r will be discarded as has been done in (1). With v ϭ dr/dt one may rewrite (3)
Assuming r ϭ r exp(it), one finds after simple ma-
The roots i ϭ Ϯ⍀ represent true inertial oscillations. Of course, the period is just 1 day. Points on the axis of rotation are perceived as resting in the moving frame ( ϭ 0). This result is almost trivial, of course. Stars revolve in 1 day around the observer. They appear to move in planes perpendicular to the earth's axis. Let us next follow Durran (1993) and assume an acceleration,
on the right-hand side of (3) so that
This acceleration is just opposed to the centrifugal acceleration. To a good approximation, A represents that part of the gravitational acceleration caused by the deviation of the earth's shape from a sphere. With (8), centrifugal forces are removed from (4)-(6). To analyze (9), all terms on the right-hand sides of (4)-(6) must be discarded. Then (7) is replaced by
The inertial frequency is m ϭ Ϯ2⍀ in ''absence'' of centrifugal accelerations. The subscript m has been chosen to stress the fact that we are still in the realm of classical mechanics and not of fluid mechanics. In particular, there is no pressure gradient force acting in (9). Particles move in planes that are orthogonal to the axis of rotation. A unit trajectory is given by r ϭ (cos 2⍀t, Ϫsin sin2⍀t, cos sin2⍀t). (11) Durran (1993) solved (9) for the special situation where
In that case, a conventional circle of inertia results. In general, (11) differs substantially from this trajectory. The frequency is 2⍀ and not f. The orientation of the plane of motion does not coincide with the z axis so that the resulting oscillation is not at all inertial in the sense of WMO (1992) . We have to leave the framework of classical mechanics and turn to a dynamic model of the atmosphere to come close to the conventional inertial oscillation.
Buoyancy and pressure gradient force
Assume a stably stratified hydrostatic background atmosphere with constant mean temperature T 0 . Horizontally homogeneous linear oscillations in this atmosphere are governed by 
is the speed of sound. All variables in (12)- (16) are perturbations to the resting background state with pressure perturbation p and density perturbation . Note that all Coriolis terms are retained while all centrifugal terms are discarded. The vertical pressure gradient term is included in (14) as is the divergence term ϳ‫ץ‬w/‫ץ‬z in (15) and (16). It is immediately obvious from (12)- (16) that oscillations restricted to geopotential surfaces cannot occur. One would have to satisfy the condition w ϭ 0. Then (15) and (16) 
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There exists an oscillation with frequency close to f and another one with high frequency. For example, 2 ϭ 0.2 s Ϫ1 , 4 ϭ f Ϫ 1 ϫ 10 Ϫ11 s Ϫ1 for ϭ /4 and a vertical wavelength H. Of course, ϭ m if ϭ c 0 ϭ 0. Otherwise, compressibility is the dominating factor in (20) except for extremly small l. The vertical group velocity of the inertial oscillation is quite small because 4 changes rather little with l. This can be seen directly after differentiating (18) with respect to l. One obtains 2 2 2 2 2
so that the group velocity is ϳ3 ϫ 10 Ϫ8 m s Ϫ1 for ϭ /4, H ϭ 10 4 m. Assume that an initial state is specified. A Fourier transformation with respect to z yields after standard manipulations for every vertical wave number l a downward-propagating part ŵ 4 exp(ilz ϩ i 4 t) and an upward-moving part ŵ 5 exp(ilz Ϫ i 4 t) with Fourier coefficients ŵ 4 , ŵ 5 that represent the inertial oscillation evolving from the initial state. The boundary condition w ϭ 0 at z ϭ 0 is satisfied only if ŵ 4 ϭ Ϫ (where ŵ * 5 an asterisk indicates the complex conjugate). If, for the sake of simplicity, ŵ 4 is assumed real, then Thus û ϭ ϭ 0 at the ground. The inertial oscillation vanishes at z ϭ 0. Deviations dz, dx, and dy of particle position are related via
for ϭ 4 for the case given above. Particles do not stay exactly on a geopotential surface during an inertial oscillation in contrast to the definition of WMO (1992) but the deviations are negligible. The shape of the velocity distribution related to the inertial oscillation hardly changes in time, because the group velocity almost vanishes. Corresponding calculations show that initial distributions with vertical scales of ϳ1000 m do not change appreciably for t Յ 10 4 f Ϫ1 . In other words, the standard theory is correct in predicting that the inertial oscillation is shape preserving.
The high frequent solution is essentially a vertically propagating sound wave modified by the earth's rotation. One has |dz| k |dx| k |dy|.
The effects of gravity and compressibility on the inertial oscillation may be excluded by assuming a homogeneous fluid so that ϭ 0 and ‫ץ‬w/‫ץ‬z ϭ 0 in (12)-(14). Moreover, (15) is invalid in an incompressible fluid so that an oscillation with frequency f results where
The pressure gradient force is needed to balance the Coriolis term in (14). Without pressure the frequency of the oscillation would be m ϭ 2⍀, of course. This demonstrates once again that the inertial oscillation can be found in fluids only. Except for the pressure, this oscillation of the homogeneous fluid is identical to the conventional inertial oscillation.
Conclusions
It has been found that a complete representation of Coriolis forces is helpful for an understanding of the dynamics of the inertial oscillations. Not only gravity, but pressure gradient forces as well as compressibility turn out to be important. The resulting particle path is almost exactly circular and deviates little from geopotential surfaces. The conventional theory of the inertial oscillation provides an excellent approximation to the correct solution as far as frequency and particle paths are concerned. There is, however, no motion at the ground in the complete solution.
It is well known that a correct formulation of the Coriolis force is necessary in many circumstances. For example, Wippermann (1969) pointed out the importance of related effects to the stability of the atmospheric Ekman layer (see also Etling 1971; Leibovich and Lele 1985) . The same holds true of wave motions (e.g., Eckart 1960) . Here, it turned out that a full understanding of the dynamics of the inertial oscillation is possible only if Coriolis forces are fully incorporated. This effort is warranted in view of the paradigmatic character of the inertial oscillation. After all, this oscillation has been presented in countless lectures as a simple and suggestive example of rotational effects. It appears worthwhile to have explored more fully its dynamics.
